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Abstract
The first aim of this talk is to show some decomposition theorem on the

vector fields in Lr(Ω) for 1 < r <∞, where Ω is a bounded domain in R3 with
C∞-boundary ∂Ω. Let us define two spaces Vhar(Ω) and Xr

σ(Ω) by

Vhar(Ω) ≡ {h ∈ C∞(Ω); div h = 0, rot h = 0 in Ω, h× ν = 0 on ∂Ω},
Xr

σ(Ω) ≡ {w ∈W 1,r(Ω); div w = 0 in Ω, w · ν = 0 on ∂Ω},

where ν is the unit outer normal to ∂Ω. Then it holds that

Lr(Ω) = Vhar(Ω)⊕ rot Xr
σ(Ω)⊕∇W 1,r

0 (Ω), 1 < r <∞ (direct sum).

As an application of our decomposition theorem, we consider the inhomogeneous
boundary value problem of the stationary Navier-Stokes equations in Ω when
∂Ω consists of N + 1-disjoint C∞-surfaces Γ0, Γ1, · · · , ΓN , where {Γj}N

j=1 lie
in Γ0;

(N-S) −µ∆u+ u · ∇u+∇p = 0, div u = 0 in Ω , u = β on ∂Ω.

Here µ > 0 is the viscosity constant and β ∈ H1/2(∂Ω) is the given boundary
data on ∂Ω = ∪N

j=0Γj .
We take N -harmonic functions q1, · · · , qN in Ω so that qj |Γ0 = 0 and

qj |Γk
= δjk for j, k = 1, · · · , N . Define ψj ≡ ∇qj , j = 1, · · · , N . It is shown that

{ψ1, · · · , ψN} is a basis of Vhar(Ω). Taking the Gramm matrix {αjk}15j,k5N

defined by {ψ1, · · · , ψN}, we see that ϕj ≡
∑N

k=1 αjkψk, j = 1, · · · , N is an
orthogonal basis of Vhar(Ω) in the sense of L2(Ω). Then we have

Theorem. Let β ∈ H1/2(∂Ω) satisfy the general flux condition
N∑

j=0

∫
Γj

β · νdS = 0.

If ∥∥∥∥∥∥
N∑

j,k=1

αjk

(∫
Γk

β · νdS
)
ϕj

∥∥∥∥∥∥
L3(Ω)

< µC−1
s ,
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then there exists at least one weak solution u ∈ H1(Ω) of (N-S). Here Cs =
3−

1
2 2

2
3π−

2
3 is the best constant of the Sobolev embedding H1

0 (Ω) ⊂ L6(Ω).
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